Abstract. This paper empirically tests the level of sequential arbitrage in the Spanish bond market. The test is implemented by drawing on default free and option free pure discount and coupon bonds issued by the Spanish government. This fact seems to be a clear distinction between this paper and the related empirical literature since there are no risky bonds or derivative securities involved in our analysis. As a consequence, the sequential arbitrage absence is just equivalent to the existence of a term structure of interest rates matching the whole set of bond prices as provided by The Bank of Spain. Thus, the main conclusions seem to be robust because they only depend on very general and simple hypotheses and, particularly, no dynamic assumptions are required. The results of the empirical analysis may be useful to traders and researchers since it seems to reveal the existence of sequential arbitrage. Furthermore, the number of arbitrage opportunities signi…cantly increased in 1998, when important innovations were implemented and, amongst other new possibilities, agents began trading each whole bond and its coupons (strips) separately. The inexperience associated with …nancial innovations may lead to ine¢ciencies in the market.
Introduction
The absence of arbitrage opportunities, or sequential arbitrage opportunities in the case of bond markets, is a basic assumption very common in …nancial literature. The existence of arbitrage is hardly compatible with any kind of equilibrium and, therefore, no arbitrage conditions are almost always assumed in every classical theoretical approach concerning asset pricing or asset allocation.
However the empirical evidence seems to reveal that the arbitrage may occur in practice (see for instance Lee and Nayar (1993) , Chen and Knez (1995) , Kamara and Miller (1995) , Kempf and Korn (1998) , and Grinblatt and Longsta¤ (2000) ) and this fact has motivated several authors to introduce new viewpoints. A …rst line of research focuses on market imperfections because they can make the arbitrage be apparent but not real. So, Jouini and Kallal (1995) present a general treatment of transaction costs and their in ‡uence on classic theoretical results concerning arbitrage free models, Schleifer and Vishny (1997) illustrate many real problems when dealing with arbitrage strategies and Liu and Longsta¤ (2000) prove that, under adequate assumptions, margins can make it convenient to abandon available arbitrage strategies in order to optimize the portfolio choice.
Another line of research is related to the arbitrage measurement (see for instance Holden (1995) , Chen and Knez (1995) , Kempf and Korn (1998) , Balbás and Muñoz (1998) or Balbás and López (2000) ). In this case authors try to provide us with appropriate measures containing numerical information about the size or degree of arbitrage. If this information incorporates monetary gains associated with the available arbitrage then the e¤ect of some imperfections can be discounted and the theory applies for imperfect markets too. In some sense both approaches are complementary.
The present article is based on the second approach since it uses some measures introduced in Balbás and Muñoz (1998) and Balbás and López (2000) and empirically tests the level of sequential arbitrage in the Spanish bond market.
The existence of state price densities in a general market, or the existence of a term structure of interest rates (henceforth T SIR) in a bond market, is the necessary and su¢cient condition to guarantee that the market is arbitrage free, or sequential arbitrage free if dealing with bond markets (see for instance Hansen and Jagannathan (1997) or Ait-Sahalia and Lo (1998) for general markets and Jaschke (1998) for bond markets). This property plays a crucial role when constructing most of the above mentioned arbitrage measures and, specially, those applying in this paper. So, Balbás and López (2000) focus on an arbitrary bond market and introduces several optimization problems minimizing the real price modi…cations (in percentage) that lead to the existence of a T SIR matching the whole set of bond prices. The minimum values are the sequential arbitrage measures. Dual optimization problems give optimal sequential arbitrage strategies and show that these measures may be also interpreted in terms of relative sequential arbitrage earnings. Consequently, when we test the measure values in real bond markets we obtain both optimal relative sequential arbitrage strategies and pro…ts and minimal relative modi…cations of prices leading to sequential arbitrage free models.
When empirical papers analyze the existence of arbitrage they usually focus on well-known strategies and formulas. For instance, Sternberg (1994) or Kamara and Miller (1995) test the existence of violations of put-call parity, Harris et al. (1995) test the price of speci…c assets or portfolios in di¤erent markets, Protopapadakis and Stoll (1983) test the usual relationship between spot and future prices and Lee and Nayar (1993) analyze some relationships between European options and future contracts.
Arbitrage measures also allow us to consider all the available securities and portfolios when testing the market. So, draw on the Balbás and Muñoz (1998) measure and empirically analyze the level of cross-market arbitrage between the Spanish stock market and its derivative market without previously specifying the exact nature of the arbitrage strategy to be used. Unlike previous studies, these authors globally analyze the market in order to consider all the available arbitrage strategies and choose the optimal one.
Despite the vast empirical literature devoted to analyze the existence of arbitrage in stock and derivative markets, and the vast number of empirical papers focusing on bond prices and the T SIR, one misses further empirical evidence concerning the existence of sequential arbitrage in bond markets. Although bond markets and the T SIR deserved and will go on deserving a major attention, see for instance Elton et al. (1990) , Bowden (1997) , Jaschke (1998), Aniz and Prisman (2000) or Balbás et al. (2001) for recent results, there is a clear lack of empirical analyses related to the existence and computation of sequential arbitrage strategies in practice. This fact is probably provoked because there are no well-known arbitrage strategies and formulas when dealing with …xed income securities, unless their derivatives are also involved. In this sense, the global approach of may be quite suitable when testing bond markets.
The present paper only draws on default free and option free bonds issued by the Spanish government and tests the degree of sequential arbitrage within the time interval 1994 ¡ 1998. This fact seems to be a clear distinction between this paper and the related empirical literature since there are no risky bonds or derivative securities involved in our analysis. As a consequence, the main conclusions seem to be robust because they only depend on very general and simple hypotheses and, particularly, no dynamic assumptions are required. We follow the methodology of but we use some Balbás and López's measures (hereafter denoted by$ ¤ and $ ¤¤ ) instead of the Balbás and Muñoz's one.$ ¤ and $ ¤¤ better capture some properties of sequential arbitrage strategies and bond markets.
The results of our analysis may be useful to traders, managers and researchers. Our test reports practical tools and strategies, the level of sequential arbitrage and it also yields further evidence about market e¢ciency outside the USA.
We concentrate on the Spanish market "Mercado de Deuda Anotada" and the database provided The Bank of Spain, which contains prices, liquidity and other signi…cant information. It is important to point out that Spanish …nancial markets present appropriate characteristics such as their computerized trading system, their phenomenal recent growth and the positive results that have been obtained when other tests of e¢ciency have been implemented. For instance, Lee and Mathur (1999) show that the random walk hypothesis cannot be rejected in the Spanish futures markets, while the ful…llment of this hypothesis is not so clear when dealing with another European futures markets.
Despite the comment above the results of our analysis are in the line of those reported by , i.e., the existence of sequential arbitrage cannot be rejected. Hence, global tests based on the theoretical foundations of asset pricing may indicate ine¢ciency despite previous tests of standard and well-known strategies, simple technical trading rules, or related techniques may have re ‡ected just the opposite.
Besides, it must be also pointed out that the number of sequential arbitrage opportunities and the value of the sequential arbitrage measures signi…cantly increased in 1998, when important innovations were implemented in the market and, amongst other new possibilities, agents began trading each whole bond and its coupons (strips) separately. Consequently, it seems that the inexperience associated with …nancial innovations may lead to ine¢ciencies in the market.
Finally, as pointed out in , the arbitrage measurement may also be helpful when analyzing arbitrage-free markets since this measurement may yield new practical strategies to invest and price new securities. Following a similar procedure, our analysis may be also useful on those dates re ‡ecting the absence of sequential arbitrage since it may apply when pricing new bonds or diversifying among available bonds.
The article is organized as follows: Section 2 summarizes those theoretical results that were applied when implementing the empirical test. Section 3 analyzes and describes the market, the data, the empirical results and presents some concrete sequential arbitrage strategies that were available in the market. Section 4 summarizes and concludes the article.
Preliminaries, notations and theoretical background
This section is devoted to present a brief synopsis of those theoretical results that were applied when testing the degree of arbitrage in the Spanish bond market. Proofs are omitted since almost all of them may be found in Balbás and López (2000) or another appropriate reference that will be provided.
Consider n arbitrary bonds B j , j = 1; 2; :::; n, available in the market, and denote by p = (p 1 ; p 2 ; :::; p n ), p j > 0, j = 1; 2; :::; n, the vector whose components are their current prices. Suppose that T = ft 1 ; t 2 ; :::; t m g represents the set of future dates in which bondholders will receive the corresponding payo¤ and denote by a ij¸0 the amount of money paid by B j at t i , i = 1; 2; :::; m, j = 1; 2; :::; n. In order to ensure that all the statements of this section hold we have to impose the following weak inequality whose economic interpretation is obvious We follow the previous literature in order to introduce the concept of sequential arbitrage. Obviously, strong sequential arbitrage portfolios are also sequential arbitrage portfolios of the second type, but the converse does not necessarily hold. The absence of strong and second type sequential arbitrage is characterized by the following result (see Balbás and López (2000) for a complete proof) The measure $ ¤¤ may also be interpreted in terms of arbitrage pro…ts. In fact, assume that X is a strong sequential arbitrage portfolio whose short position X ¡ has a price equal to one dollar. 3 It may be proved that the price of X + veri…es pX ¡T ¡ pX + T · $ ¤¤ and, moreover, there exists a strong sequential arbitrage portfolio X ¤¤ such that pX ¡T ¤¤ = 1 and pX
Thus, X ¤¤ maximizes the pro…t generated by a strong sequential arbitrage portfolio whose short position has a value equal to one dollar and, moreover, the optimal pro…t equals $ ¤¤ dollars.
X ¤¤ also maximizes another interesting objectives that may be interpreted as relative arbitrage earnings. For instance it maximizes the ratio between sequential 3 As usual, ® + = Sup{®; 0g, ® ¡ = Sup{0; ¡®g and ® = ® + ¡ ® ¡ for every ® 2 IR. Similar notations are also used for vectors and matrices.
arbitrage pro…ts and the price of the sold bonds, the ratio between sequential arbitrage pro…ts and the price of the purchased bonds and the ratio between sequential arbitrage pro…ts and the total traded value (i:e: pX
pX ¡T + pX +T hold for every strong sequential arbitrage portfolio X). Furthermore, the …rst ratio optimal value equals $ ¤¤ (see Balbás and Muñoz (1998) and Balbás and López (2000) ).
In order to simplify the notation we will de…ne h ¤¤ = X ¡ ¤¤ and k ¤¤ = X + ¤¤ . Hence h ¤¤ and k ¤¤ are portfolios without short positions such that k ¤¤ sequentially dominates h ¤¤ , the price of k ¤¤ is 1¡ $ ¤¤ , the price of h ¤¤ is 1 and k ¤¤ ¡ h ¤¤ is the optimal strong sequential arbitrage portfolio. The arbitrage arises because those bonds included in k ¤¤ are cheap since they verify
while the bonds composing h ¤¤ are expensive since
According to the minimax condition, the minimum relative fall that prevents the arbitrage makes the price of those bonds included in h ¤¤ decrease in the percentage indicated by
Things are more complex when dealing with second type sequential arbitrage portfolios because in this case the minimax condition does not necessarily hold. However, as long as the model is not second type sequential arbitrage free, we can still prove the existence of a second type sequential arbitrage portfolio X ¤ that maximizes the ratio between the arbitrage income and the value of the short position, the long position or the total traded value. $ ¤ will denote the …rst ratio optimal value. The portfolio X ¤ achieves the form X ¤ = k ¤ ¡ h ¤ , k ¤ and h ¤ being its long and short position respectively. h ¤ may be normalized so that its price can equal one in which case the price of k ¤ takes the form 1 ¡$ ¤ ,$ ¤ verifying the constraints
There exists a family of prices p ¤ = (p ¤1 ; p ¤2 ; :::; p ¤n ) providing a second type sequential arbitrage free model and such that
if B j belongs to k ¤ and p j (1 ¡$ ¤ ) · p ¤j · p j otherwise. Whence,$ ¤ may also be understood as a measure of the level of second type sequential arbitrage since it provides us with the fall (in percentage) of prices that makes the income given by the optimal second type sequential arbitrage portfolio vanish. Furthermore$ ¤ is not only a "pricing error" committed by the market since the inequality$ ¤ < $ ¤ (see (4) ) shows that$ ¤ is a lower bound for the optimal relative second type sequential arbitrage income.
Market, data, empirical results and examples
Our test focused on the so called "Mercado de Deuda Anotada" (MDA in what follows), the most liquid market when trading default free and option free bonds issued by the Spanish government. Some bonds with risk premium or embedded option are also available in MDA but we did not consider them in order to avoid as much noise as possible. MDA is organized by The Bank of Spain and this institution elaborates a complete database containing each type of bond with its corresponding characteristics, daily prices, volume and other signi…cant information. Our test was implemented by employing this database. We have focused on Years 1994 and 1998 and day by day$ ¤ and $ ¤¤ have been computed, along with X ¤¤ , h ¤¤ , k ¤¤ , X ¤ , h ¤ and k ¤ . There is not any special reason to choose 1994. We just tried to test an arbitrary year and made a random decision. On the contrary, 1998 re ‡ects several …nancial innovations that can provoke unusual behaviors of the market. For instance, in 1998 agents began trading each whole bond and its strips separately.
In order to con…rm that 1994 is an arbitrary year we selected a brief sample of days within the time interval 1995 ¡ 1997 and the results were analogous to those obtained for 1994. Besides, if we eliminate strips from the database of 1998 then we obtain similar results once more. Tables 1 and 2 summarize the results. A …rst remark should point out that many values of $ ¤¤ and$ ¤ are almost equal. Although from theoretical viewpoints there are some di¤erences between the concepts of strong sequential arbitrage and second type sequential arbitrage, the empirical test seems to reveal that both approaches may lead to analogous results in practice. Tables 1 and 2 show that the levels of both types of arbitrage are closely related.
Tables 1 and 2 also illustrate that the sequential arbitrage existence cannot be globally rejected. Since the test only deals with default free and option free bonds it is clear that the lack of an homogeneous …scal treatment for all the available bonds or the lack of intradaily perfectly synchronized data are the unique reasons that might justify the high values attained by $ ¤¤ and$ ¤ .
With respect to the second caveat, it was not possible for us to obtain intradaily perfectly synchronized prices. Nevertheless, it is important to recall that $ ¤¤ repre-sents the minimum variation of prices that prevents the strong sequential arbitrage (see Theorem 4 and (1 )) and, according to the empirical evidence concerning the volatility of bond prices and interest rates, many values attained by $ ¤¤ are far larger than those that could be expected. Moreover, if the lack of synchronization made it di¢cult to implement sequential arbitrage it would be still obvious that some investors obtained prices and returns signi…cantly di¤erent to those provided by a sequential arbitrage free market and signi…cantly better or worse than those generated by any T SIR. So, investors who bought bonds included in k ¤ or k ¤¤ (respectively, who sold bonds included in h ¤ or h ¤¤ ) obtained far better returns than those achieved by investors buying (selling) bonds of h ¤ or h ¤¤ (k ¤ or k ¤¤ ). This assertion is also supported by Expressions (2), (3), (5) and (6) and by the interpretation of the sequential arbitrage measures in terms of relative arbitrage gains.
Regarding the …scal treatment, and bearing in mind the interest rate levels in the tested years, even under the most pessimistic scenario it is rather di¢cult to accept that tax e¤ects may imply a value of $ ¤¤ greater than 25 basic points in 1994 or 15 basic points in 1998. 4 Furthermore, the most favorable …scal treatment corresponds to strips and the so called "Letras del Tesoro" (zero coupon bonds whose maturity is shorter than one year and half) but it will be shown at the end of this section that X ¤¤ some days incorporates some "Letras del Tesoro" (from now on LT ) or strips in long position, or coupon bonds in short position.
There are obvious di¤erences between 1994 and 1998. 1998 was characterized by several innovations in MDA, strips being the most important (but not the unique) one. The level of arbitrage in 1998 seems to be too high, which suggests that the inexperience associated with …nancial innovations may lead to ine¢ciencies in the market.
It is worthwhile to remark that Spanish …nancial markets have shown a high level of e¢ciency when several classical tests have been implemented. For example, Lee and Mathur (1999) show that the random walk hypothesis cannot be rejected in the Spanish futures markets, while the ful…llment of this hypothesis is not so clear when dealing with another European futures markets. However, our results are in the line of those obtained in , where it is shown that some arbitrage strategies were available in the derivative market whose underlying security consists of the Spanish index IBEX ¡ 35. As already said, our test and the test of analyze the market by applying several foundations of asset pricing theory, and without previously specifying the exact nature of the arbitrage strategy to be used. This could be a crucial key to understand these results.
The remainder of this section is devoted to present some concrete strong sequential arbitrage portfolios occurred in 1998. The purpose of these concrete examples is just to illustrate how sequential arbitrage measures work in practice.
We will present strategies but we will not illustrate that they are really strong sequential arbitrage portfolios because the ful…llment of this property is straightforward. It is su¢cient to check that the long position is cheaper than the short position but sequentially dominates. Moreover, it is also easy to check the lack a T SIR matching all bond prices unless prices fall in the percentage $ ¤¤ for those bounds composing the short position. All the arbitrage strategies have been normalized so that the price of the short position can equal 10000; 000 pesetas. 5 A …rst group of examples refers to some strong sequential arbitrage opportunities characterized by surprising properties. In fact, they are extremely simple and generate too high values of $ ¤¤ . So, Table 3 shows several strategies only composed of two di¤erent LT whose value at maturity is equal to 1000; 000 pesetas. It is obvious that the tax e¤ect or the lack of liquidity cannot explain the existence of these strategies because the involved LT were traded almost everyday within the last quarter of 1998 and all the LT have an analogous …scal treatment. On the other hand, Table 4 presents two arbitrages involving another type of zero coupon bonds. Once again, illiquidity or taxes cannot explain these facts. Tables 3 and 4 only provide a small sample of these type of strategies that were available for a larger number of days.
Let us now focus on strong sequential arbitrage strategies involving coupon bonds. The …rst and second examples (Strategies 1 and 2) incorporate a coupon bond and several pure discount bonds, while Strategy 3 is more complex and involves several types of bonds in di¤erent position (see Tables 5, 6 and 7).
Notice that above strategies have quite di¤erent form and some of them are non trivial, which shows the advantages provided by the applied methodology. The main conclusions of this study could not have been reached by testing the presence of concrete sequential arbitrage portfolios.
Overall, the present analysis seems to be pioneer in testing the degree of sequential arbitrage in real bond markets and it seems to reveal the existence of available sequential arbitrage portfolios. This assertion is more obvious when markets incorporate signi…cant …nancial innovations.
Conclusions
This paper has tested the level of sequential arbitrage in the Spanish bond market MDA by drawing on the database elaborated by The Bank of Spain. Despite the vast empirical literature devoted to analyze the presence of arbitrage in stock and derivative markets, and the vast number of papers focusing on bond prices and the T SIR, it seems to be still scarce the degree of empirical evidence concerning the existence of sequential arbitrage in bond markets. In this sense the present study contributes to complete some possible gaps in the literature.
Empirical papers usually focus on well-known strategies when testing the existence of arbitrage. This technique cannot apply when dealing with bond markets and this is the reason why we followed recent developments that permit us to consider all the available arbitrage portfolios to choose the optimal one. In the present study the optimal strategy is selected by applying some minimax criteria that generate sequential arbitrage measures providing us with the minimum variation of prices leading to sequential arbitrage free models. The sequential arbitrage measures may be also understood as optimal relative sequential arbitrage earnings or incomes.
The …rst result of our study seems to draw an analogy between the strong sequential arbitrage and the second type sequential arbitrage. Although there are some theoretical di¤erences between both concepts the empirical test seems to reveal that both approaches are quite close in practice.
The empirical results seems to indicate that the presence of sequential arbitrage cannot be rejected. Furthermore, the level of sequential arbitrage signi…cantly raised in 1998, which suggests that the inexperience associated with important …nancial innovations may provoke ine¢ciencies in the market. These results are surprising by themselves and contrast with those provided by another tests of e¢ciency applied in the Spanish …nancial markets. Anyway, it is important to point out that analogous …ndings were obtained by a previous paper testing the level of arbitrage in the Spanish derivative market by means of global methodologies related to other arbitrage measures.
Our test only uses default free and option free bonds and, consequently, it is based on very weak hypotheses and the results seem to be quite robust. The lack of synchronization among prices and a non-homogeneous …scal treatment for all the available bonds might slightly modify some results but the level of sequential arbitrage seems to be large enough to overcome these imperfections.
Our …ndings may be useful to traders, managers and researchers because practical procedures to detect the presence of sequential arbitrage have been provided. Moreover, we have computed and analyzed many real sequential arbitrage strategies that were available in the market. Finally, as pointed out by previous papers, the arbitrage measurement may also be interesting when dealing with arbitrage free markets. In such a case the methodology here presented may be extended so that it can apply when pricing new bonds and composing optimal portfolios. 
